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The problem ofmerging two ormore flows of aircraft in a horizontal plane is considered. The aircraft aim to reach

a target flow with the minimal amount of turning, while maintaining a given separation between them. Neither

a priori sequencing nor scheduling of the merging aircraft is assumed. The individual trajectories for each aircraft

are computed using optimization, and a subset of these optimal trajectories serve as a basis for merging multiple

aircraft. A second optimization step produces trajectories for each aircraft to ensure both effective merging into the

flow and sufficient separation. This generates the sequencing of themerging aircraft. Simulations of several merging

scenarios illustrate the approach and show its results. A statistical study of the influence of the problem parameters

on the success of the merging algorithm provides a guideline for the design of the airspace around the merging area.

The proposed algorithm can be used for automatic en route and terminal area merging tasks within future more

automated air traffic control systems.

I. Introduction

T HE primary objectives of air traffic control are to prevent
collisions between aircraft (A=C) and organize flows of traffic.

Studies have predicted that during the next two decades, demandwill
increase significantly and that the current air traffic control system
will not sustain this amount of traffic [1,2]. A mandate for the design
and deployment of an air transportation system to meet the nation’s
needs in 2025 was established in 2003. This new system, called
NextGen§ (Next Generation Air Transportation System) will have to
be, among other things, capable of providing two to three times the
current air vehicle operations. Assistance to the controllers will be
required for them to support this increase in traffic while maintaining
a reasonable controller workload. This can be provided by auto-
mation of specific tasks and by a greater automation of the system as a
whole. Currently, airplanes follow fixed airways, for simplicity and
ease of work for controllers. But as the traffic increases, the capacity
limits of those airways will be reached, leading to unacceptable
traffic delays. NextGen includes as an objective the implementation
of the free-flight paradigm, which would allow for better use of the
available airspace. The free-flight concept requires addressing a
number of open issues, such as trajectory synthesis for the aircraft to
comply with their destination and trajectory requirement while
satisfying overall aerospace constraints (minimum separation, time
constraints, etc.). In particular, merging flows of aircraft requires
great attention from the controllers. Automating this taskwould be of
great interest.

The goal of this work is to derive an algorithm for automatic
merging of multiple aircraft into a given flow. The aircraft are
required tomerge into a targetflow,which can be a preferred physical
flow or a virtual path. The integral of the absolute value of the turn
rate along the trajectory was chosen as the cost to minimize. So, each
A=C aims to reach the target flow with the minimal amount of
turning, while maintaining a given separation with the other A=C.
Although one could address 3-Dmerging, in this study themerging is
assumed to be planar, constrained to the horizontal plane.

In a previous effort to provide a tool to assist controllers in the
terminal areas (TRACON), the Final Approach Spacing Tool (FAST
[3]) was developed at NASAAmes Research Center. FAST provided
landing sequences and landing runway assignments using a fuzzy-
reasoning-based algorithm for sequencing arriving air traffic [4]. It
performed trajectory-based planning by breaking the whole
sequencing problem into smaller decisions. The sequencing and
conflict resolutionwere performed serially: only once the sequencing
and trajectory synthesis for the chosen aircraft sequence were
completed was each aircraft deconflicted with the aircraft sequence
ahead of it on each flight segment. This paradigm has exhibited some
significant negative side-effects, such as reliance on derived criteria
(e.g., delay incurred) rather than trajectory-based criteria (e.g., time
to merge), thereby ineffectively handling certain typical merging
scenarios [5]. Concurrent sequencing and deconfliction was
attempted [5] to circumvent these limitations. A heuristic algorithm
based on the discrete representation of the 4-D trajectories was
developed but never implemented, as it was predicted the increase in
controller workload would be unacceptable.

Work on minimal-time horizontal guidance of aircraft has been
reported in the past: e.g., by Erzberger and Lee [6], Pecsvaradi [7],
andBolender and Slater [8]. Only a single aircraftmerging to a line or
to a given point (intercept problem) was considered, thus no
separation constraints were considered. Also, merging to a particular
point is useful to the problem at hand only once the sequencing of the
A=C, as well as the slots assigned to each A=C, have been deter-
mined. These problems are not straightforward, and the method-
ology proposed in this paper bypasses this step. Studies have shown
that the most significant part of National Airspace System delays
(approximately 70%) are due to weather [9]. Thus optimizing with
respect to timewill onlymarginally reduce the delays and is therefore
not necessarily a valid goal in practice. In [10] a linear programming
approach for conflict resolution in air traffic problems is used, with
application to a merging scenario. However, trajectories are
discretized, and nonlinear functions are approximated linearly. In
this work a unified traffic merging approach that tries to circumvent
those difficulties is proposed.

This paper is organized as follows: In Sec. II the merging problem
for a singleA=C is solved; i.e., the minimum-turn merging trajectory
(or trajectories) when no separation constraints exist is determined.
This is done by solving an optimal control problem with two
boundary constraints (initial andfinal states). Constant velocities and
bounded turn rates are assumed. Unlike the minimum-time
paradigm, the use of the total amount of turning as a cost function
provides solutionswith an attractive property: namely, that for a large
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set of initial conditions, there are an infinite number of optimal
trajectories. This fact is exploited in Sec. III, where the search for a
conflict-free multi-aircraft merging solution is limited to a subset of
these unconstrained optimal trajectories. The solution to themerge is
the result of an optimization step performed by simulated annealing
[11]. Results illustrating the capabilities of the algorithm are
presented in Sec. IV. Finally, a statistical study relating the feasibility
of safe merging with the parameters characterizing the merging zone
is conducted in Sec. V. Concluding remarks are presented in Sec. VI.

II. Single A=CMerging into Flow with Bounds
on Entry Point

A. Problem Formulation

As a first step in constructing a merging algorithm for multiple
aircraft, the optimal merging of a single aircraft is studied. The
resulting trajectory for a single A=C will serve as a primitive for the
multiple A=C case. In this study it is assumed that each aircraft aims
to reach the target flow with minimum amount of turning along the
trajectory, the motivation being one of ease for the pilot, as well as
comfort for passengers. In practice, upper and lower bounds on the
merging point of an A=C in the flow are desirable. For example, a
controller will usually require anA=C to be in the final approach path
for landing before a certain fix. This leads to the following optimal
control problem.

The simplified mass-point model is considered, and the
trajectories are assumed to be 2-D planar. The state z 2 R3 is
defined to include the �x; y� position coordinates and the heading
angle �. The control is the turn rate of the aircraft, denoted u, which is
assumed to be bounded as u 2 �umin; umax�. The state dynamics are
described by the differential equation:

_z� f�z; u; t� �
(

_x� v cos���
_y� v sin���
_�� u

with umin � u � umax (1)

where v is the speed of the aircraft. In this study, v is assumed to be
constant. Also, in practice, umin ��umax, which implies that the
aircraft can turn in both directionswith the samemaximum turn rates.

The initial state z�t0� � x�t0� y�t0� ��t0�
� �

T is assumed to be
given. The target flow is assumed to be aligned with the y axis; i.e.,

x�tf� � 0 (2)

��tf� � �=2 (3)

This is a nonlimiting assumption since the definition of the axes in the
x–y plane is arbitrary. Upper and lower bounds on the merging point
of an A=C in the flow are specified as

y�tf� 2 �ymin; ymax� (4)

The cost to minimize is

J�
Z
tf

t0

juj dt (5)

with terminal time tf unspecified.

B. First-Order Necessary Conditions

The first-order necessary conditions for optimality are now
derived using standard optimal control theory. The notation is similar
to that of [12]. The general form of the cost is

J� ��z�tf�; tf� �
Z
tf

t0

L�z; u; t� dt (6)

where � is the terminal cost, which is a function of the terminal state
and terminal time, and L�z; u; t� is the Lagrangian. For the cost J
defined in Eq. (5), the terminal cost � is zero, and the Lagrangian is
L�z; u; t� � juj. The variational Hamiltonian is then defined as

H�z; u; t� � L�z; u; t� � �Tf�z; u; t� � juj � �1v cos���
� �2v sin��� � �3u (7)

where � 2 R3 is the vector of Lagrange multipliers associated with
the dynamics constraints (1). Note thatH defined in Eq. (7) is not an
explicit function of time. Therefore, H remains constant along
optimal paths. The terminal constraints on the state, given in Eqs. (2)
and (3) are restated as

 eq�ztf ; tf� � 0 with  eq�z; t� �
x

� � �=2

� �
(8)

To be precise, the terminal constraint on � is in fact modulo 2� and

requires an extra bit of care. Again, Lagrange multipliers �eq �

�1
�3

� �
2 R2 will be associated with the two terminal constraints

described by Eq. (8). The interval constraint on y�tf� can be stated as

 ineq�ztf ; tf� � 0 with  ineq�z; t� �
y � ymax

ymin � y

� �
(9)

to which two additional Lagrange multipliers �2upp and �2low will be

associated. Finally, the equality and inequality constraints are
grouped into

 �z; t� �

x
y � ymax

ymin � y
� � �=2

2
664

3
775 (10)

with the associated Lagrangemultipliers �� �1 �2upp �2low�3
� �

T .
The Pontryagin Maximum Principle [13] gives a set of necessary

conditions that an optimal control solution u	 needs to satisfy. The
adjoint variables (the Lagrange multipliers �) are chosen to satisfy
the differential equation

_���
�
@H

@z

�
T

(11)

with terminal value ��tf� satisfying

��tf�T �
�
@�

@z
� �T @ 

@z

�
t�tf

(12)

Then, the optimal control u	 has to minimize the Hamiltonian
defined in Eq. (7):

u	 � argmin
u
H (13)

Although the Hamiltonian H is not differentiable in u, the
minimization equation (13) is straightforward, sinceH, as a function
of u, has one of the forms shown in Fig. 1, up to an additive constant
that is not a function of u. It is only when �3 �
1 that the
minimizing value for u is not unique. Figure 1 shows the various
possible generic shapes of the Hamiltonian as a function of u, for
different values of �3. From this figure it is clear that u	 satisfying
Eq. (13) will be

u	 �
(
umin if �3 > 1

0 if � 1< �3 < 1

umax if �3 <�1
(14)

u	 2 �umin; 0� if �3 � 1 (15)

u	 2 �0; umax� if �3 ��1 (16)

Since tf is unspecified, an additional necessary condition is
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�
@�

@t
� �T @ 

@t
�
�
@�

@z
� �T @ 

@z

�
f� L

�
t�tf
� 0 (17)

Equation (17) is called the transversality condition and guarantees
the optimality of the terminal time tf (it implies that the solution is
stationary with respect to tf , while the terminal constraints are
enforced). From Eq. (17) and the fact that the problem is stationary,
the Hamiltonian equals zero along an optimal path.

Since in the present case �� 0 and

@ 

@z
�

1 0 0

0 1 0

0 �1 0

0 0 1

2
664

3
775

Equations (11) and (12) become

_��t� �
0

0

�1 _y � �2 _x

2
4

3
5 (18)

��tf� �
�1

�2upp � �2low
�3

2
4

3
5 (19)

For the inequality constraints (9), there are additional conditions on
the associated multipliers:8<

:
 ineq � 0

�ineq � 0

�Tineq ineq � 0

with �ineq �
�2upp
�2low

� �
(20)

Equation (20) essentially states that the multipliers associated with
inequality constraints are positive and equal to zero when the
constraint is not active. In the present case, since both constraints
cannot be active at the same time, at least one �2 is zero.

The free parameters in the above equations are �1, the quantity
�2upp � �2low or yf (terminal value of y), depending on whether or not

the terminal inequality constraints are active, �3 and tf. These
parameters are determined by the three boundary state conditions
(either initial or terminal) and the transversality condition. The
solution to the systemofEqs. (18) and (19) has a particular form:�3 is
a linear function of x and y, since from Eq. (18), �1 and �2 are
constants and

�3 � �1y � �2x� const (21)

where const is an additive constant determined by the boundary
conditions, and �1 and �2 are equal to �1 and �2upp � �2low ,
respectively. Therefore, �3 is given by

�3 � �1�y � yf� � ��2upp � �2low�x� �3 (22)

Now the transversality condition becomes

0� ��2upp � �2low�v� �3uf � jufj (23)

Two cases can occur. If �1 ≠ 0 and/or �2upp � �2low ≠ 0, then �3 is an

explicit function of x and y, so the optimal control switches when the
state crosses the curves where �3 �
1. The switch curves are two
parallel lines in the x–y plane. Their respective equations are

Smax: �1y � ��2upp � �2low�x� �3 � �1yf � 1� 0 (24)

Smin: �1y � ��2upp � �2low �x� �3 � �1yf � 1� 0 (25)

Along Smax, �3 ��1, and along Smin, �3 ��1. When the A=C
trajectory in the x–y plane crosses Smax, u	 switches between umax

and 0, and when the A=C trajectory crosses Smin, u	 switches
between umin and 0, with 0 being the control between these two lines.
Therefore, the trajectories consist of a succession of turns in opposite
directions and at extreme turn rate, with a straight segment between
the turns.

If �1 � 0 and �2upp � �2low � 0, from Eq. (21) it is clear that �3 is

independent of x and y (and thereby of time) and is a constant equal to
�3. Also, Eqs. (8), (14–16), and (23) imply that j�3j � 1. Therefore,
there are two possible cases:

1) If j�3j< 1, from Eq. (23) u	 will also be constant equal to 0,
which only is a valid solution if z0 is already in the flow;

2) If j�3j � 1, then u	 can take any value in the interval �0; umax� or
�umin; 0� (depending on the sign of �3) as long as the initial and
terminal state boundaries are satisfied. This means that only turns in
the same direction are allowed. This case leads to an infinite number
of solutions, with an arbitrary number of turns at arbitrary turn rates.
This phenomenon will be discussed further in the next subsection.

C. Characterization of Optimal Trajectories

First, the following remarks are made. The cost can be bounded
from below as
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Fig. 1 Hamiltonian for different values of �3, with umin ��1 and umax � 1.
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J�
Z
tf

t0

juj dt �
����
Z
tf

t0

u dt

���� (26)

Since u� _�,

J �
����
Z
tf

t0

_� dt

�����j��tf� � ��t0�j (27)

This shows that since ��tf� � �=2, j�=2 � �0j is a lower bound of the
constrained optimization problem (a little care is required here due to
the modulo 2�). Therefore, any path that has this value as a cost is
globally optimal.

When �1 � 0 and �2upp � �2low � 0, the transversality condition

reduces to an inequality, and there can be an infinite number of
optimal solutions. Indeed, the first-order necessary conditions lead to
u	 taking values in an entire interval, and this is illustrated in Fig. 2.
For the initial conditions depicted, all the paths have the same cost
and are globally optimal, due to the previous remark.

1. Candidate Strategies for Optimality

The previous section gives the conditions that an optimal
trajectory (if it exists) must satisfy. From these, all optimal paths are
described. The previous discussion implies that there are essentially
four possible control strategies that are candidates for optimality: uR
is only negative (including zero) turns (i.e., right turns and straight
segments); uL is only positive (including zero) turns (i.e., left turns
and straight segments); uLSR is an extreme left turn, a straight

segment, and extreme right turn; and uRSL is an extreme right turn, a
straight segment, and extreme left turn.

Actually, other control strategies, consisting of more than two
alternating turns, are also possible candidates. However, these
trajectories will never be optimal. A proof by construction of this fact
is given in Appendix A. Therefore, in the following discussion, the
search for an optimal is limited to trajectories resulting from the four
strategies given above.

For any given initial state, the cost for each of the four candidate
strategies is derived, and the minimum is found. This will give the
global optimum. By using the symmetry relative to the y axis of the
problem, it can be concluded that symmetric initial conditions will
have symmetric optimal solutions. So the space of initial states can be
reduced. Two equivalent approaches are possible: either it is
assumed, without loss of generality, that the initial point considered
is in the left half of the x–y plane, and the heading can take any value,
or it is assumed that the heading can only take values between��=2
and��=2, in which case the entire x–y plane needs to be considered.
From now on, it will be assumed that �0 2 ���=2; �=2� and the cost
of each of the four strategies described above will be graphically
determined all possible initial positions.

2. Boundaries of Interest in the x–y Plane

For a given �0, certain special lines and circles in the x–y plane are
defined, that delimit regions of interest in the space of positions. It
turns out that these lines are of significance in the problem at hand.
Rather than explicit equations, graphs of these lines and circles for
two different values of �0 are shown in Fig. 3, to give a sense of their
structure. The equations are straightforward to find.
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a) Global optima with 1 (dashes), 2 (dots), and 3 (solid) turns
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b) Default path with different turn rates

Fig. 2 Infinite character of the solution set.

a) Regions of interest for initial heading
of π /6

b) Regions of interest for initial heading 
of -π /4

Fig. 3 Regions of interest for different initial headings.
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The circles C1, C2, C3, and C4 are circles of radius r� v=umax, with
respective centers ��r; ymax�, �r; ymax�, ��r; ymin�, and �r; ymin�. The
lines �1, �2, �3, and �4 have a slope of tan��0� and are tangent to their
respective circles Ci. The large circles ~Ci have a radius of 2r, are
tangent to the lines �i at the same point as Ci and encircle Ci. Finally,
the lines �1 and �3 are vertical tangents to both ~C1 and ~C3, and the
corresponding statement is true for the lines �2 and �4.

3. Cost for Each Candidate Control Strategy

For illustration purposes, a value for �0 is now picked, but the
following discussion remains valid for all possible values of �0. The
illustrations supporting the derivations are shown for �0 � �=6. For
this initial heading, the cost of each of the four strategies that are
candidates for optimality is now determined, as a function of the
initial position in the x–y plane. This is done graphically.

a. Only Left Turns. The regions of interest are depicted in
Fig. 4a. If the initial position is in region A, then an acceptable
merging can be performed by only turning left or going straight, with
no loop necessary. However, if the initial point is not in regionA, then
it is impossible to reach the allowed merging interval without
performing a full circle. Therefore, the cost is discontinuous at the
boundaries of region A and jumps by an amount of 2�. So for this
control strategy, the cost is �=2 � �0 in region A and 2�� �=2 � �0
outside of region A.

b. Only Right Turns. The regions of interest are depicted in
Fig. 4b. The cost is the same everywhere in the x–y plane. It has a
constant value of �� �0 � �=2� 3�=2� �0.

c. Extreme Right Turn/Straight Segment/Extreme Left Turn.
The regions of interest are depicted in Fig. 5a. Additional variables
are defined to express the cost of such a strategy. The resulting
trajectory is arcs of circles of radius r� v=umax, with a straight
portion along a line tangential to both circles. The cost depends

explicitly on the point of departure from the first circle. This is
illustrated in Fig. 6.

The point N is such that O1N ? NM and NM points toward the
pointM. This translates into

cos��N � �M� �
r

kO1Mk
(28)

cos��N � �=2� �M�> 0 (29)

Equation (28) comes from hO1N;NMi � 0, and Eq. (29) comes
from the fact that �N � �=2� �M is the angle between O1M and
NM. Since these equations result in an angle modulo 2�, �N is
defined to be in the interval ��0 � �=2 � 2�; �0 � �=2�.

The cost of this path from �x0; y0; �0� to �0; yf;�=2� is

J� ��0 � �=2 � �N� � �0 � ��N � ��� (30)

So

J� 3�=2� �0 � 2�N (31)

In this problem, the optimal terminal value yf is not known and will
depend on the initial state. It is determined graphically for simplicity.
If the initial position is in region B, then yf 2 �ymin; ymax�, �N �
�0 � �=2 (so no first turn) and the cost is

JB � �=2 � �0 (32)

which is consistent with the cost derived for only left turns allowed.
In region A and region C yf � ymax, and in region D yf � ymin. The
costs have the expression of Eq. (31).

d. Extreme Left Turn/Straight Segment/Extreme Right Turn.
The point N of departure from the first circle is characterized by the

a) Optimal cost when only left turns allowed b) Optimal cost when only right turns allowed

Fig. 4 Optimal cost for trajectories with only one turn direction allowed.

a) Optimal cost when right/straight/left b) Optimal cost when left/straight/right

Fig. 5 Optimal cost for S-shaped trajectories.
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same equations (28) and (29), as shown in Fig. 7. Now the value of
the solution �N to this system of equations in the interval ��0 �
�=2; �0 � �=2� 2�� is determined, yielding the cost

J�
�
��N � ��0 � �=2�� � �2�� �N� if �N < 0

��N � ��0 � �=2�� � �N if �N � 0
(33)

or, equivalently,

J�
�
2�N � �0 � 5�=2 if �N < 0

2�N � �0 � �=2 if �N � 0
(34)

The regions of interest are depicted in Fig. 5b. If the initial position
is in regionB, then yf 2 �ymin; ymax�, �N � �0 � �=2 (so nofirst turn),
and since �0 � �=2< 0, the cost is

JB � �0 � 3�=2 (35)

which is consistent with the cost derived for only right turns allowed.
In region A and region C yf � ymin, and in region D yf � ymax. The
costs have the expression of Eq. (34).

4. Overall Cost

The overall optimal strategy for any given initial state is the
minimum between the four possible control strategies. One can
proceed by successive minimizations to determine the optimal
control in the different regions of the x–y plane. The costs of the four
strategies discussed above are denoted J1, J2, J3 and J4, respectively,
in the same order as presented. Since ��=2 � �0 < �=2,

�=2 � �0 2 �0;�� (36)

5�=2 � �0 2 �2�; 3�� (37)

3�=2� �0 2 ��; 2�� (38)
So

J12 ≜min�J1; J2� �
�
J1 if in region A of Fig: 4a
J2 elsewhere

Now taking the third strategy into account, J3 � 3�=2� �0 � 2�N .
Based on Fig. 5a, in region A yf � ymax, and �N > 0, so
J3 < J2 � J12; in region B J3 � J1 � J12; in region C yf � ymax and
�N < 0, so J3 > J2 � J12; and in region D yf � ymin and �N < 0, so
J3 > J2 � J12.

Therefore,

J123 ≜min�J1; J2; J3� �

8<
:
J1 if in region A of Fig: 4a
J3 if in region A of Fig: 5a
J2 elsewhere

Finally, taking the last strategy into account,

J4 �
�
2�N � �0 � 5�=2 if �N < 0

2�N � �0 � �=2 if �N � 0

Based on Fig. 5b, in region A yf � ymin and �N � �, so
J4 � 2�N � �0 � �=2 � 5�=2 � �0 > J2 � J123; in region B
J4 � J2; in region C yf � ymin and �� < �N < 0, so J4 � 2�N�
�0 � 5�=2J2 > �=2 � �0 � J1 � J123; and in region D yf � ymax

and 0 � �N � �, so J4 � 2�N � �0 � �=2. In this region, J123�
J2 � 3�=2 � �0, so J4 < J123 when 2�N � �0 � �=2< 3�=2 � �0,
which is equivalent to �N < �0 � �=2.

In conclusion,

J	 ≜min�J1; J2; J3; J4�

�

8>><
>>:
J1 if in region A of Fig: 4a
J3 if in region A of Fig: 5a
J4 elsewhere where �N < �0 � �=2
J2 elsewhere where �N � �0 � �=2

This is illustrated in Fig. 8a. The cost value function for �0 � �=6 is
shown in Fig. 8b. It is discontinuous in x and y along certain
boundaries. However, if the initial position is far enough from the y

Fig. 6 Optimal right/straight/left path to a fixed point on target flow.

Fig. 7 Optimal left/straight/right path to a fixed point on target flow.

a) Optimal control strategies for θ 0 = π /6 b) Optimal cost for θ 0 = π /6
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Fig. 8 Optimal control and cost when �0 � �=6.
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axis, then the cost is locally continuous in x and y, and the optimal
control strategy can be determined a priori.

Figures 9–11 show the cost function and the regions corre-
sponding to each of the four control strategies that are optimal for �0
equal to�=6,��=4 and 5�=6, respectively. As expected, thefirst and
last graphs are symmetrical with respect to the y axis.

D. Conclusion and Remarks

The previous derivation allows one to define a priori regions in the
state space for which the optimal cost and strategies are known and
well-behaved functions. Initiating the merging procedure with
aircraft constrained to these regions will allow for efficient merging
solutions. When no bounds on the entry point are fixed, the structure
of the candidate solutions are the same as in the previous section.
However, for some initial conditions, nominimumwill exist, only an
infimum. If �=2 � �0 < 3�=2, then, clearly, by turning at umin until
� < �=2, then going straight and then turning into the flow, the cost
will be close to optimal (i.e., it will be arbitrarily close to �0 � �=2),
but due to the strict inequality, no minimum can be achieved. An
illustration of this is given in Fig. 12.

Aswas shown above, for any initial condition, the set ofminimum-
turn solutions includes what is called a Dubins path [14] (so a turn–
straight–turn path, or a degenerate form of such a path). When the
terminal point is constrained, it was shown that the minimum-time
path has this bang–off–bang structure [6,7,14,15], as does the
minimum-turn solution. While in the minimum-turn case there are
two parallel switch lines, in the minimum-time case there is only one

switch line, and the straight portion of the solution is along the switch
line (this occurrence is called a singular arc). So although the
underlying structures are different, the resulting trajectories are the
same in the two cases. Therefore, for a given initial point, the Dubins
paths of the set of minimum-turn solutions also guarantee minimum
time to their respective merging points. This additional information
can be used in the decision making process. When the merging point
is not fixed, the minimum-time solution is a unique Dubins path
whose straight portion is always orthogonal to the target flow. The
minimum-turn paradigmgivesmoreflexibility by providingmultiple
optimal solutions. This property will be exploited when constructing
the merging algorithm, presented in the next section.

III. Merging Multiple Aircraft

Multiple A=C are considered, all having the same dynamics
described in the previous section, merging onto a target flowbetween
two specified points on this flow. The initial state of each A=C is
given and the configuration is assumed to be such that an optimal path
exists for each individual A=C (cf. previous section). The minimum
separation required between A=C, speeds and maximum turn rates
are also given parameters. The setup includes also the definitions of
the target flow assumed to be aligned with the y axis, together with
the lower and upper bounds on the y axis delimiting the admissible
region of entry into the flow.

Based on the conclusions of the previous section, if bounds on the
entry points of the aircraft into the target flow are set, a minimum cost

Fig. 9 Optimal control and control when �0 � �=6.

Fig. 10 Optimal control and cost when �0 ���=4.
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path will always exist for any given A=C, but will not necessarily be
unique. In fact, in this case, there may be infinitely many optimal
paths. Although this is an advantage since it gives a certain degree of
freedomwhilemaintaining optimality, itmakes a global optimization
problem with multiple A=C challenging.

A. One-Parameter Trajectories

First, the search for solutions is limited to the set of trajectories
composed of only two full rate turns with a straight portion between
the two turns. Such a trajectory will be time-minimal to the chosen
entry point. It will also be turn-optimal for all choices of entry point
that require both turns to be in the same direction. For this subset of
trajectories, the first turn entirely determines the evolution of the
aircraft state for the duration of themerge. �i is defined such that j�ij is
the duration of the first turn for aircraft A=Ci. �i can be positive or
negative, with the following convention: if ui is the control forA=Ci
during the first j�ij seconds, then

ui � sign��i�umax (39)

For a given �i, define

Xi��i� �
xi�t�
yi�t�
�i�t�

2
4

3
5

for t 2 �0; T� (whereT is the duration of themerge) to be the evolution
of the state ofA=Ci when the control ofA=Ci is ui given in (39) from
t� 0 to t� j�ij, then straight, until merging into the target flow at
extreme turn rate. Also define the vector

�� � �1 . . . �N �T

and the corresponding vector X��� of continuous time functions
obtained from vertically concatenating the state trajectories of the N
aircraft:

X��� �
X1��1�

..

.

XN��N�

2
64

3
75 2 C��0; T�;R3N�

Finally, the set of acceptable solutions is defined as the set of � 2 RN

such that X��� is a valid merging solution and is denoted by�. Now
define the functions:

h�i �X���� � ymin � yi�tenti �

and

h�i �X���� � yi�tenti � � ymax

where tenti is the time of first entry on the target flow for aircraft i not
initially on the target flow, and

�ij�X���� � dij � sepmin

where dij is the minimum distance between aircraft i and j during the
merge, and sepmin is the minimum allowed separation. Functions h�

and h� will be used to force the aircraft to merge into the prescribed
entry interval, while � will be used to enforce the minimum
separation between all pairs of aircraft during the merge. With these
definitions,

�� f� 2 RNjh�i �X���� � 0; h�i �X���� � 0

�ij�X���� � 0; 8 i; j� 1; . . . ; Ng

or, equivalently,

�� f� 2 RNjmax
i;j

max�h�i �X����; h�i �X����; �ij�X����� � 0g
To solve the merging problem, one needs to find a � in�. This is

done by minimizing the cost function

C��� �max
i;j

max�h�i �X����; h�i �X����; �ij�X�����

using a simulated annealing search method [11]. The search is
stopped as soon as the cost is negative. As a first guess, �pref is chosen

Fig. 11 Optimal control and cost when �0 � 5�=6.
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Fig. 12 If the initial heading is �=2 � �0 < 3�=2, it is always possible,
when no upper bound on yf exists, to improve the cost to make it

arbitrarily close to �0 � �=2 (the cost is decreased from solid to dotted
line).
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that results in a preferred (or default) trajectory, which has desirable
properties. If the cost for this �pref is negative, then the problem is
solved by letting the aircraft follow these preferred trajectories, and
the desired properties are obtained. These properties depend on the
entry point of the aircraft on the target flow. For instance, if one
chooses the entry point on the targetflow thatminimizes thefirst turn,
then for A=C initially heading toward the allowed entry interval, the
default trajectory will be to go straight as long as possible until the
final turn into the flow, and therefore only require one turn, which
could be desirable for workload concerns (fewer turns could translate
into fewer controller commands). Another interesting choice as the
preferred entry point is the upper bound of the allowed merging
interval (ymax). In general, this will require two turns, butwill provide
theminimum-time path to the point of exit from themerging interval,
which could be of interest for reducing delays. These two choices are
depicted in Fig. 13.

If the cost for the initial guess is strictly positive, whichmeans that
at least one of the constraints (whether it be entry interval or
separation) is not satisfied, an iterative search for a minimizer is
initiated. At each step k, a neighbor of the current ��k� is generated.
This is done by randomly choosing an aircraft i and randomly

incrementing or decrementing ��k�i by a certain step size. The cost is
then reevaluated, and a decision is madewhether to move to this new
point or not. This decision is the result of a random experiment [11].
The iterative process stops as soon as a point �	 with negative cost
C��	� is found. Flexibility lies in the definition of the neighbor-
generating function. Indeed, it can be tailored to provide certain
characteristics of the updated �, thereby guaranteeing certain
properties of the overall solution. For example, the directions of the
turns can be limited to a certain sign as a function of the x–y position
of the aircraft, to ensure individual minimum-turn optimality of the
solution. Another possible choice would be not to allow a certain
subset of aircraft to maneuver away from the default trajectory.

Unlike gradient descent methods that may converge to a local
minimum, simulated annealing has the ability to bypass these local
minima and possibly find the global optimal. This fact is a result of
the randomness, at each step, of the decision whether to move to the
generated neighbor or not, evenwhen this neighbor provides aworse
cost than the previous point. This is crucial in the present problem,
since a local minimum of the function C may not be negative. This
would imply that no merging solution exists, while in fact an
undetected negative global minimummay exist. This could arise, for
instance, when a particular order of the aircraft after themerge cannot
lead to a conflict-free solution. To change the order of the aircraft and
find a suitable one, searching for neighbors that increase the cost C
may be necessary.

If given enough time, the simulated annealing search will be able
to handle these cases. However, in real-time applications, it is

preferable to limit the time of the search. Whenever a search with a
given initial guess finds no solution within several search iterations,
alternate initial guesses that correspond to different ordering of the
aircraft are provided. One way to obtain all possible orders feasible
from a given aircraft configuration is to look at all possible
combinations of initial turn durations, where each aircraft can either
aim to merge at ymin or at ymax. Indeed, a mergingA=Cwill reach the
exit point �0; ymax� in minimum time by entering the target flow at
ymax and in maximum time by entering at ymin. There are 2N such
initial guesses. Therefore, performing parallel searches for all the
initial guesses will become impractical whenN is large. A sequential
trial of the different initial points for the search until a solution is
found is suggested.

B. Extension to Multiparameter Trajectories

In the previous discussion, the trajectory of each aircraft was
characterized by a single parameter �i: namely, the duration of the
first turn. This parameter completely described the turn-straight-turn
merging trajectory, as it was assumed that the turnswere performed at
extreme turn rates and that the first turn was initiated at time t0. The
length of the straight segment and the final turn are determined by the
requirement of effectivemerging onto the target flow. The solution to
the conflict-free merging problem was obtained through an
optimization scheme with respect to these N parameters �i.

The proposed method can easily be extended to solutions
constructed from individual trajectories that can be parameterized by
more than one parameter. For example, a second parameter for each
aircraft can be introduced, representing the delay between time t0
and the initiation of the first turn. With a nonzero value for this
parameter, the resulting trajectory will be a straight segment in the
direction of the initial heading, then a turn at full turn rate (for a
duration equal to the value of the first parameter), followed by
another straight segment and finally a turn into the target flow.
Trajectories of this form are no longer Dubins paths. Therefore, no
claim about time minimality can be made. However, as shown in
Sec. II, if the turns are all in the same direction, then optimality with
respect to the minimum-turn cost can be claimed.

With more parameters to describe the individual trajectories, more
complex solutions can be obtained. Therefore, increasing the number
of parameters over which the optimization is performed may provide
solutions to a greater number of merging problems. For instance, for
certain initial conditions the set of single-parameter trajectories may
not be large enough to solve the problem, while the addition of extra
parameters could provide a solution. An example of such an
occurrence is given in the next section. Increasing the complexity of
the parameterization of the trajectories does come at a cost. Indeed,
the dimension of the search space for the simulated annealing
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Fig. 13 Possible choices for default trajectories. The A=C are traveling along the dotted path, and the merging is initiated at the start of the full line.
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increases with the number of parameters. This leads to an increase in
the search time and reduces the probability that the search will reach
an existing solution in a reasonable time.

If no solution to this static optimization is found (i.e., there are no
sets of aircraft trajectories that lead to a conflict-free merging) an
alternate logic needs to be used. For instance, initiating the
maneuvering earlier, or diverting certainA=C to a holding pattern or
to another target flow could be considered. Avoiding these occur-
rences altogether is clearly a preferable alternative. This can be
achieved by restricting the initial configurations to a feasible
airspace, as investigated in Sec. V.

IV. Examples

In this section the performance of the proposed algorithm for
several initial configurations of merging aircraft is demonstrated. At
different times along the trajectories, the safety zones, which are
circles of radius sepmin=2 are plotted around the A=C positions, to
illustrate that the minimum separation is met throughout themerging
process. For each aircraft, the first circle marks the location of the
A=C when the merging solution search is initiated. The upper and
lower bounds on the merging points are delimited by horizontal
dotted lines. The units are nautical miles, the minimum separation is
5 nmile, and the speed is v� 8 nmile=min. Themaximum turn rate
is umax � � rad=min (2 min turn), leading to a minimum turn radius
of 2.5 n mile. In some examples, as indicated in the text, a maximum
turn rate of umax � �=2 rad=min (4 min turn) and thus a minimum
turn radius of 5 n mile are used.

In the first example, illustrated in Fig. 14, the preferred trajectory
for each aircraft is theminimum-time path to themerging interval exit
point �0; ymax�. As shown in Fig. 14a, if all aircraft follow their
default paths, conflicts will occur (some circles representing the
safety zones around the aircraft at some time intersect). Figure 14b
shows the solution of the simulated annealing. Here, even though no
constraint on the direction of first turnwas added on the search space,
the solution exhibits individual optimality with respect to minimum
turn (see Sec. II).

In the second example, illustrated in Fig. 15, five aircraft merge in
a person-by-person turn-optimal way. The maximum turn rate in this
example is umax � �=2 rad=min. Figure 15a shows the merging
when no A=C maneuver away from their default trajectories, which
in this example are the minimum-first-turn paths. This leads to
separation constraint violations. Figure 15b depicts the merging
solution. This example shows that a solution is found for a relatively
congested airspace.

The third example, shown in Fig. 16, gives three possible solutions
to a three-aircraft merge. The default trajectory is the minimum-first-
turn trajectory (Fig. 16a). The solution depicted in Fig. 16b is
individually optimal with respect to minimum turn, while those
shown in Figs. 16c and 16d are not. Note that the solutions result in
different ordering after the merge, so a preference in the order could
motivate a certain choice.

In the example shown in Fig. 17, four A=C are merging into the
target path. If the search for a conflict-free merging solution is
restricted to the set of solutions where each aircraft trajectory
is individually optimal, i.e., where the direction of the first turn is
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Fig. 14 Three-aircraft merge, with preference for minimum time to exit of merging interval.
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Fig. 15 Five aircraft merge, with preference for minimum initial turn.
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determined by the initial state of the aircraft, no solution is found.
Figure 17b illustrates that a safe merging in this case will require
some aircraft to enter the target path outside of the prescribed
interval. It is worth noting that the sequencing that results from the
algorithm is not straightforward. For example, in Fig. 17c the order
after merging of the two A=C on the left might not have been an
intuitive guess. It could be argued that the dashed-lined A=C on the
left, though a bit further away from the y axis than the solid-lined
A=C, would end up being the one ahead, since it is closer to the upper
bound of the entry interval.

Finally, in the last example, depicted in Fig. 18, the trajectories are
described by two parameters: the delay until the first turn and the
duration of the first turn. The preferred trajectories are the minimum-
time-to-exit paths and umax � �=2 rad=min. With the initial
configuration shown, the preferred trajectories lead to separation loss
(see Fig. 18a). The case when no delay to first turn is allowed is
illustrated in Figs. 18b and 18c. If only turn-optimal trajectories are
allowed, the lower aircraft has very little maneuvering capability and
no solution is found (Fig. 18b). A nonoptimalmaneuver by this lower
aircraft is required for a conflict-free merge (Fig. 18c). Allowing an
initial delay before maneuvering provides a wider range of possible
solutions. Figure 18d depicts a turn-optimal solution. The upper
aircraft delays its initial turn until it passes behind the other aircraft,
which does not maneuver away from the preferred trajectory.

The algorithm was tested on a personal computer running a quad-
core processor with a clock speed of 2.6 Ghz. The computation time
was recorded for sets of 100 randomly generated initial config-
urations. The average time, standard deviation, and maximum time
for sets of simulations with increasing number of aircraft are
summarized in Table 1. The data show that even with a basic

computer used in this study, the computation times allow efficient
real-time applications.

V. Statistical Study of Feasibility

In the above discussion and algorithm elaboration, it was assumed
that all the aircraft could maneuver to provide a safe-merging
solution. However, in practice, only a certain number of aircraft in the
airspace (namely, those close to the target flow andmerging interval)
will be considered formerging and thus be inputs to the algorithm. To
determine which aircraft in the airspace should be considered, a
merging zone is defined: only aircraft within this zone are taken into
account when making a decision regarding the required maneuvers
for safe merging. For simplicity, a rectangular merging zone is
assumed, characterized by two parameters: namely, thewidth and the
height of the rectangle. The allowed entry interval is the portion of the
target flow contained in the merging zone. This is illustrated in
Fig. 19. The dimensions of the rectangle affect and in fact determine
the existence of a safe-merging solution. The aim of the numerical,
Monte-Carlo type study presented in this section is to better
understand the relation between the design parameters, i.e., the
merging zone dimensions, and the feasibility of a safe merge. This
will also provide guidelines for choosing the merging zone
parameters to ensure statistically the feasibility of effective merging
solutions.

Based on the solution of an optimal control problem, a merging
algorithm was derived, where the individual trajectories of the
participating aircraft are constructed from two straight segments and
two turns. In most cases, and especially for statistical analysis
purposes, these turns can be assumed instantaneous and thus
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Fig. 16 Different solutions for a three-aircraft merge.

MICHELIN, IDAN, AND SPEYER 23



neglected. Consequently, the aircraft merging trajectories can bewell
approximated by two straight segments: one segment from the initial
position to thefinalflow and one segment along the final flowuntil all
aircraft have merged. With this approximation, a candidate merging
solution is a set of N such two-segment trajectories, where N is the
number of aircraft in the merging zone.

LetW be the half-width of themerging zone, and letL the length of
the entry interval. In this study the minimum separation allowed
sepmin is set to 5 n mile. The influence of these parameters on the
success of the algorithm is investigated by having them vary within a
certain range, and the output of the algorithm for all the possible
values is observed. Values forW and L ranging from 5 to 25 n mile
are examined. For each set of values �Wi; Li� in the range, nruns
merging scenarios are generated and the empirical frequency of
success of the algorithm is computed. This is done by randomly
choosing an initial configuration for each run and checking if a safe
approximate merging solution exists. The initial configuration is
chosen according to a two-dimensional uniform distribution in the
merging zone, with at least one aircraft on the left boundary of the
box, to represent the choice ofW.

The existence of a safe solution is determined in the followingway.
Given a set of positions for the aircraft involved in the merge, the
entry interval is discretized, and all possible combinations of two-
segment trajectories are inspected in a search for a solutionwhere the
minimum separation between the aircraft is ensured for the duration
of the merge. If such a combination exists, the success count for that
pair of parameter values is incremented by one. Given a number of
A=C merging, the empirical probabilities of success give an idea of
possible choices of dimensions for the merging zone, to provide an
a priori probability that the algorithmwill find a solution for merging

the aircraft while maintaining minimum separation between the
aircraft at all times.

Let A=C1 and A=C2 be a given pair of aircraft, with respective
initial statesX1 andX2 and initial velocity vectorsV1 andV2 at time
t0. If their trajectories are approximated by two segments, one until
the targetflow is reached and one along the targetflow, then the check
for separation during the merge is simplified. Let Dt0 ;X1;X2;V1;V2

���
denote the distance at time � between two points P1 and P2 traveling
on a straight line, with positions and velocities of �X1; V1� and
�X2; V2� at time t0 (cf. Appendix B for the formula). LetT1 andT2 be
the (approximate) times to reach the flow for A=C1 and A=C2,
respectively. Without loss of generality, it is assumed here that
t0 < T1 < T2: i.e., that A=C1 reaches the target flow before A=C2.

1)When t0 < t < T1,A=C1 travels on a straight line determined by
�X1; V1� andA=C2 travels on a straight line determined by �X2; V2�.
The minimum distance between the two aircraft during this time is
with the previously defined notation:

D
1stseg
min � min

t0���T1
Dt0 ;X1;X2;V1;V2

���

2) When T1 < t < T2, A=C1 travels on the target flow, i.e., the
y axis, and A=C2 is still traveling on the straight line determined by
�X2; V2�. Theminimumdistance between the two aircraft during this
time is

D
2ndseg
min � min

T1���T2
DT1;X1�T1�;X2�T1�; ~V1;V2��� with ~V1� 0

v1

� �

Therefore, the minimal distance along the approximate default
trajectories until both A=C have reached the flow is
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Fig. 17 Four aircraft merge.
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D	 �min�D1stseg
min ; D

2ndseg
min �

The empirical probabilities of success for the algorithm were
generated for the N � 2, 3. and 4 cases, by performing nruns � 1000
per pair of values of the parametersW andL. The results are shown in
Fig. 20. All three plots exhibit a certain level of symmetry with
respect to the two variables W and L, which indicates that the
influence of W and L are roughly identical. This means that
improving chances of success can be almost equally achieved by
increasing either one of the two parameters.

FromFig. 20a, it can be seen that for twomergingA=C, when both
W and L are equal to twice the minimum separation allowed, the
algorithm has a very high probability (� 95%) of success. The same
level of frequency of success could be achievedwith a lower value of
one of the parameters at the expense of a higher value for the other.
Figure 20b shows that for three A=C, if one looks at pairs of
parameters with W � L, then a value of approximately three times
the minimum separation for W and L is needed to attain a 95%
success rate. Likewise, Fig. 20c shows that for four A=C, the same
level of success requires W and L nearly four times the minimum

separation. So choosing W and L to be equal to the minimum
separationmultiplied by the number of aircraft could be used as a rule
of thumb for the design of the merging zone and provides a high
a priori rate of success.
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Fig. 18 More complex solutions may be required.

Table 1 Computation times

No. of A=C Mean, s Std dev Max, s

3 0.81 1.65 7.70
4 1.54 2.39 8.93
5 3.74 4.29 17.10
6 7.04 5.98 22.67

W

L
A/C1

A/C2

y max

y min

Fig. 19 Merging zone.
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According to the same plots, a 99% a priori success probability is
achieved whenW and L are both equal to 15 n mile for the two-A=C
case, 20 nmile for the three-A=C case, and 25nmile for the four-A=C
case. The intuition that a greater number ofA=Cmergingwill require
a larger maneuvering zone to attain a certain level of probability of
success is supported by the three plots in Fig. 20. Also note that since
the instantaneous-turn assumption is made to construct these
empirical probabilities, and since this assumption’s validity is
stronger for larger scales, the probabilities are more realistic whenW
and L are large.

It should be noted that these empirical distributions do not take any
airspace structure into account. Therefore, for a given number of
A=C, all possible configurations within the zone are equally
considered when computing the empirical frequencies. This is
clearly neither realistic nor optimal. Indeed, randomly chosen initial
configurations that lead to a failure of the algorithm but do not arise in
practice in fact artificially lower the empirical rate of success.
Therefore, these distributions provide upper bounds on the required
values of the parameters for a desired success probability. If a
particular structure of the airspace (i.e., the geometry of the incoming
flows with respect to the target flow) is known or specified, this
information can be exploited in the analysis and design of the
merging zone. Typically, if the structure of the incoming flows is
limited to a certain geometry, in most cases it will be possible to
choosevalues forW andL lower than those obtained from the plots in
Fig. 20, since the merging zone has to be tailored only to these
particular flows.

VI. Conclusions

An algorithm for the horizontal merging of multiple aircraft into a
flow was presented. It is based on minimum-turn trajectories of a
single aircraft merging onto the target flow. The aircraft are assumed
to merge into a given interval along the flow without specifying a

particular entry point along this interval. The aircraft merging
sequence is assumed to be unknown and is obtained as part of the
solution. The solutions to this problem were derived from
Pontryagin’s maximum principle. Exact global solutions for a single
A=C were obtained for any initial state. It was shown that there may
be an infinite number of optimal trajectories, which is an interesting
aspect of the problem. With multiple aircraft merging, the
requirement that minimum separation between any two aircraft be
maintained at all times is added. The algorithm generates a set of
trajectories for every aircraft, by deviating from the single aircraft
optimal path. By constraining the set of deviations, the optimality of
each individual trajectory can be enforced. For some initial
configurations of aircraft there may not exist a solution to the safe-
merging problem. This would usually result from initiating the
solution at an aircraft configuration that is too close to the target flow.
In this case, one would have to restart the search at an earlier time to
increase the solution probability through an increase in the aircraft
maneuver space. A statistical studywas carried out to provide a priori
empirical probabilities of success for different choices of problem
parameters. The proposed methodology could provide a realistic
solution for a large number of merging aircraft in a real-time setting.
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Appendix A: Nonoptimality of
Multiple-Alternating-Turn Trajectories

In Sec. II, first-order necessary conditions for minimum-turn
trajectories were derived. These led to two possible fundamental
structures for the solutions: either the solution was the result of turns
in only one same direction (including zero turn) from initial to final
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time, or there existed two parallel switch lines. Between these lines
the turn rate was zero, and outside of the lines the turn rate was
extremal in the two opposite directions on each side of the lines. So
S-shaped trajectories satisfy the first-order conditions for optimality.
Trajectories with multiple alternating turns with straight segments
between the turns, as depicted in Fig. A1 also satisfy the first-order
necessary conditions. However, such trajectories are never turn-
optimal. Figure A1 is the graphical proof of this fact.

The idea of the proof is the following. Consider the most general
case of multiple-alternating-turn trajectories, as shown in Fig. A1.
For all possible cases of initial and final points along this trajectory,
which require strictly more than two alternate turns, another path is
constructed, which has a lower cost in terms of total amount of
turning. The circles shown are of radius v=umax: i.e., the aircraft turns
at extreme turn rate along these circles. The dashed lines are the
switch lines introduced in Sec. II. In the following discussion, pointB
will be called downstream frompoint A if an aircraft travels along the
trajectory from A to B in the same direction as the arrow.
Equivalently, point Awill be said to be upstream from point B. Also,
note that a point of the trajectory is characterized by its position and
its velocity vector (or heading).

First, it is assumed that the initial point is on the arc AB
(B excluded) of the figure. Let the terminal point G be any point on
the straight segment DE immediately downstream from D, as shown
in Fig. A2. Let F be the point on the arcAB such that leaving fromF, a
straight segment followed by an extreme turn arrives exactly at G. If
the initial point X0 is anywhere upstream from F, then the path X0-F-
G clearly has a lower cost than X0-B-C-D-G, since the first and
second turns are both shorter for the first path. If X0 is on the FB arc,
point B excluded, then making no initial turn, going straight, turning
at extreme rate into the segment DG (upstream of G) and then going
straight to G is also a lower-cost path than X0-B-C-D-G. This shows
that for any point G of segmentDE and any initial pointX0 of arc AB,
B excluded, there exists a lower-cost path than the original path.
Therefore, the path X0-B-C-D-G cannot be optimal for any G on DE

(and, by immediate implication, for all points downstream of G).
Since the point G was fixed arbitrarily, the conclusion holds for all
points strictly downstream of D.

Another possibility is for the initial point to be on the segment BC.
Let P and Q be two points of segment BC depicted in Fig. A3, and let
S (respectively, R) be the point on the arc immediately downstream
from point E, such that a point leaving from P (respectively, Q) at
extreme rate, then going straight, will arrive tangentially to the circle
going through E. Now assume that the initial point is at P. If the
terminal point is at S, then the path P-S has clearly a lower cost than
the path P-C-D-S, since the first and second turns are both shorter for
the first path. It immediately follows that this is also true for any
terminal point downstream from S. If the terminal point is at R, then
the path P-Q-R has a lower cost than P-C-D-R, for the same reason as
the previous case. Such a point Q exists for any point R on the arc ES.
So it has been shown that for any point P on the segment BC and for
any terminal points on arc ES or downstream of S, there exists a path
of lower cost than the original trajectory. Therefore, for any initial
point on segment BC and terminal point strictly downstream of point
E, the suggested trajectory is nonoptimal.

So to summarize, the following have been shown by construction:
1) If the initial point is on a turn, the depicted trajectory will never

be optimal for any terminal point on the trajectory strictly
downstream of the end of the second turn portion.

2) If the initial point is on a straight portion of the trajectory, the
depicted trajectory will never be optimal for any terminal point
strictly downstream of the end of the second straight portion.

This in fact proves that trajectories with turns in alternating
directions can have two turns at most and that these two turns are
necessarily at the beginning and end of the trajectory in this case. If
the trajectory starts or ends with a straight segment, then it can only
have a turn in one direction for it to be optimal.

Appendix B: Minimum Distance Along Segments

Consider the following problem: given two points X1 and X2
traveling along straight lines in R2 at respective speeds v1 and v2,
what is the minimum distance D between them during a specified
interval of time �a; b�?

The dynamics in vector form areXi�t� �Xi�t0� � �t� t0�Vi for
i� 1, 2. In x–y space,

X i� xi
yi

� �

and

V i� vi cos��i�
vi sin��i�

� �

is a constant-direction vector for line i.
Let �X�t� �X1�t� �X2�t� and �V�t� � V1�t� � V2�t�.

Hence, the problem is to determine

Fig. A1 General multiple-alternating-turn trajectory.

Fig. A2 Lower-cost path from A to G.

Fig. A3 Lower-cost paths from P to R and S.
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D�t	� � min
t2�a;b�

D�t� � min
t2�a;b�
k�X�t�k

First, note that t	minimizingD�t� alsominimizesD2�t�, sinceD> 0
and the square function is increasing on R�. So,

d

dt
D2�t� � d

dt
k�X�t�k2 � 2<

d

dt
�X;�X>�2h�V;�Xi

and

d

dt
D2�t� � 0 , h�V;�Xi � 0

, h�V;�X�t0� � �t � t0��Vi � 0

, h�V;�X�t0�i � �t� t0�k�Vk2 � 0

If �V � 0, then D2 is constant on �a; b�, and so is D:

D	 � k�X�t0�k

If �V ≠ 0, the minimum along the lines is reached at time

t̂� t0 �
h�V;�X�t0�i
k�Vk2

Since t̂ might be outside the interval �a; b�, and since the D2 is a
square function of t with positive coefficient, one gets

t	 �
(
a if t̂ < a
t̂ if a � t̂ � b
b if t̂ > b

Once t	 is known,

D	2 �D2�t	� � k�X�t0� � �t	 � t0��Vk2

An interesting special case is when a� t0 and �V ≠ 0. Then

t	 �
(
t0 if t̂ < t0
t̂ if t0 � t̂ � b
b if t̂ > b

which gives

t	 � t0 �

8<
:
0 if � h�V;�X�t0�i

k�Vk2 < 0

� h�V;�X�t0�i
k�Vk2 if 0 � � h�V;�X�t0�i

k�Vk2 � b � t0
b � t0 if � h�V;�X�t0�i

k�Vk2 > b � t0

Since

D	2 � k�X�t0� � �t	 � t0��Vk2 � k�X�t0�k2

� k�t	 � t0��Vk2 � 2h�X�t0�; �t	 � t0��Vi

when

t	 � t0 ��
h�V;�X�t0�i
k�Vk2

D	2 � k�X�t0�k2 � �t	 � t0�2k�Vk2 � 2�t	 � t0�h�X�t0�;�Vi

� k�X�t0�k2 �
h�V;�X�t0�i2
k�Vk2 � 2

h�V;�X�t0�i2
k�Vk2

� k�X�t0�k2 �
h�V;�X�t0�i2
k�Vk2

� k�X�t0�k2�1 � cos2����V;�X�t0����

So, finally, in this case,

D	 � k�X�t0�k
																																																									
�1 � cos2����V;�X�t0����

p
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